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Let K be a complete discrete valuation field with the residue field K, charK =
p > 0. If K is a perfect field, there exists a beautiful theory of ramification in
algebraic extensions of K. Given a finite Galois extension L/K with the Galois
group G, one can introduce a canonical filtration (Gi) in G with quite a natural
behavior with respect to subextensions in L/K. Namely, if H is a normal subgroup
in G, one has Hi = Gi ∩H and (G/H)j = (GjH)/H. In the last relation we used
upper numbering of ramification subgroups Gj = Gψ(j), where the Hasse-Herbrand
function ψ = ψL/K can be easily calculated in terms of orders of Gi. Next, this
“upper” filtration of G is compatible with class field theory. In particular, if L/K
is abelian and the residue fields are finite (or quasi-finite), then θ(Uj) = G
j for all
j = 0, 1, . . . , where θ : K∗ → G is the reciprocity map, and (Uj) is the filtration in
K∗ determined by the valuation. A comprehensive exposition of all these facts is
given, e. g., in [S, Ch. IV, Ch.XV].
However, if K is not perfect, there exists no reasonable theory of upper num-
bering of ramification subgroups. The “lower” ramification subgroups can still be
defined, however, the ramification filtration in the group G does not determine that
in G/H. (Examples were given, e. g., in [L, H].)
In the present article we treat the class of fields K with [K : K
p
] = p. (In par-
ticular, this holds for a two-dimensional local field K.) In the case charK = p, we
work with a relative situation K/k, when a complete subfield k in K with a perfect
residue field is supposed to be fixed. (In the mixed characteristic case, i. e., when
charK = 0, a subfield k can be chosen in a canonical way.) For a Galois extension
L/K we introduce a new lower filtration on Gal(L/K) indexed by a special linearly
ordered set I (see §1). Then a Hasse-Herbrand function ΨL/K : I→ I can be defined
with all the usual properties. Therefore, a theory of upper ramification groups, as
well as the ramification theory of infinite extensions, can be developed.
If we consider abelian extensions of exponent p, the ramification filtration de-
termines a dual filtration on the additive (resp. multiplicative) group of K via
Artin-Schreier (resp. Kummer) duality. In the case eK/k = 1, this dual filtration is
described explicitly in §2.
In §3, we consider a fieldK with a discrete valuation of rank two. (Main examples
are provided by 2-dimensional local or local-global fields.) We introduce a new index
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set I2 ⊃ I in this case. This yields finer lower and upper filtrations on Galois groups
of extensions of K.
In the remaining part of the article we deal with an equal characteristic two-
dimensional local field K. We introduce some filtration on the group Ktop2 K, which
is other than the filtration induced by the valuation. Our filtration is indexed by
I2, and it has a better behavior with respect to the norm map than the usual
filtration. Finally, we prove that the reciprocity map of two-dimensional local class
field theory (see [P, F1]) identifies this filtration with the ramification filtration of
§3.
The ramification filtration constructed in this paper for 2-dimensional local fields
has been generalized to n-dimensional local fields by V. A. Abrashkin (see [A1,
A2]). He announced a theorem which is a local version of Grothendieck anabelian
conjecture and which is stated in terms of this filtration.
The author expresses his gratitude to the University of Nottingham for hospi-
tality, very friendly and stimulating atmosphere. I am deeply grateful to Prof.
I. B. Fesenko for many valuable discussions and for his generous help during the
author’s stay in Nottingham.
The final version of this paper has been written during the author’s stay at IHES
(Bures-sur-Yvette) in 2001. I would like to thank this institute for its remarkable
hospitatlity.
§0. Definitions, notation and preliminary facts
0.1. General notation.
The letter p always denotes a prime number. This is the characteristic of residue
fields of all discrete valuation fields under consideration; vp(a) is the p-adic exponent
of a rational or p-adic number a.
Let K be a field with a discrete valuation of rank 1. Then
• vK denotes the (normalized) valuation of K as well as its prolongation onto
the algebraic closure of K (which is unique provided that K is complete);
• OK is the valuation ring;
• MK is the maximal ideal of OK ;
• K = OK/MK ;
• UK = O∗K ;
• UK(m) = {u ∈ OK | vK (u− 1) ≥ m}, m ≥ 1;
• RK consists of Teichmu¨ller representatives of elements of the maximal perfect
subfield in K;
A finite extension L/K is said to be ferociously ramified if [L : K] = [L : K]insep.
The group Q2 = Q×Q is linearly ordered as follows:
(a1, a2) < (b1, b2) ⇐⇒
{
either a2 < b2
or a2 = b2 and a1 < b1;
• Q+ = {i ∈ Q|i > 0};
• Q2+ = Q×Q+.
0.2. Elimination of wild ramification. (See [E, H, Z1, KZ].)
LetK be a complete discrete valuation field of any characteristic with the residue
field K of characteristic p > 0.
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If K is of characteristic 0, denote by k the set of all x ∈ K which are algebraic
over the fraction field k0 of W (F ), where F =
⋂
K
pi
. Obviously, k is a complete
subfield of K with perfect residue field, and it is maximal with respect to this
property.
Next, if charK = p, we fix a base subfield B in K, which is complete with respect
to the valuation of K and has Fp as a residue field. (The possible base subfields
are exactly all the Fp((τ)), where vK(τ) > 0.) In this case we denote by k0 the
completion of B(RK), and by k the algebraic closure of k0 in K.
In both cases k is said to be the constant subfield of K. We denote by v0 the
valuation K∗ → Q which is equivalent to vK and such that v0 |k0= vk0 . Denote
eK = eK/k0 = v0(π)
−1, where π is any prime of K.
An extension L/K is said to be constant if L = lK where l is a certain algebraic
extension of k. Obviously, in this case l is the constant subfield of L. Notice that
finite separable constant extensions of K are exactly K(a)/K where a is algebraic
and separable over k. An extension is said to be almost constant if it lies in a
compositum of a constant extension and an unramified one. Equivalently, L/K is
almost constant if K ′L/K ′ is a constant extension for some unramified extension
K ′/K. Notice the following properties.
1. The compositum of two almost constant extensions is almost constant. There-
fore, one can consider the maximal almost constant subextension in a given finite
extension.
2. Any intermediate extension in an almost constant extension L/K is also
almost constant. Indeed, let K ⊂ K ′ ⊂ L′ ⊂ L. We have L ⊂ CU , where C/K is a
constant extension, U/K is an unramified one. Then L′ ⊂ (CK ′)(UK ′), CK ′/K ′
is a constant extension, UK ′/K ′ is an unramified one.
3. If L/K and M/L are almost constant, then M/K is almost constant.
Indeed, LU/U and MU ′/U ′ are constant for some unramified extensions U/K
and U ′/L. Let U ′′ be the inertia subfield in U ′/K. Then U ′ = U ′′L, whence
MU ′ = MU ′′. Now UU ′′/K is unramified, LUU ′′/UU ′′ and MUU ′′/LUU ′′ are
constant, whence M/K is almost constant.
4. Any tamely ramified extension is almost constant.
We give the name infernal to the opposite type of extensions. Namely, a finite
extension L/K is said to be infernal if the only almost constant subextension in
L/K is K itself. The following two properties are proved in the subsection 1.2 of
[KZ].
1. If L/K is infernal, then any intermediate extension in L/K is infernal.
2. If L/K is infernal, then K ′L/K ′ is also infernal for any almost constant
extension K ′/K.
We say that K is standard if eK/k = 1. It is obvious that any unramified or
constant or ferociously ramified finite extension of a standard field is a standard
field as well.
Further, K is said to be almost standard if there exists an unramified extension
L/K such that L is standard. It is easy to prove that an almost constant or
ferociously ramified finite extension of an almost standard field is almost standard.
The following statement is a particular case of Theorem 3.2.1 in [KZ]. However,
a simpler proof in this case can be given.
Proposition 0.2.1. Let K be a complete discrete valuation field, charK = p, k
the constant subfield of K, L/K an infernal extension. Then there exists a finite
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purely inseparable extension l/k such that lK is almost standard, and lL/lK is
ferociously ramified.
Proof. Notice that K is a finite extension of a standard field K0. For example, one
can write K = H((π)) and take K0 = H((π0)), where π0 is a prime in the base
subfield. Let K1/K0 be the maximal almost constant subextension in K/K0. Then
K/K1 is infernal, andK1 is almost standard. It is sufficient to prove both assertions
for K2L/K2K, where K2/K1 is any given unramified extension. Therefore, we may
assume without loss of generality that K1 is standard.
Now it is sufficient to check that lL/lK1 is ferociously ramified for a certain
purely inseparable l/k1, where k1 is the constant subfield in K1. Using induction
on [L : K1], we reduce this assertion to the case [L : K1] = p.
First, let L/K1 be inseparable; then L = K1(x), x
p = a ∈ K1. The fact that
L/K1 is infernal implies that {vK1(a − bp − c)|b ∈ K1, c ∈ k1} is bounded from
above. Then one can write a = a0+ b
p+ c with the maximal possible vK1(a0) <∞.
Let l = k1(πl), where π
p
l is a prime in k1. Then lL = lK1(
p
√
a0) is ferociously
ramified over lK1.
Next, assume that L/K1 is separable and normal. Then L = K1(x), x
p − x =
a ∈ K1. Let π be a prime in k1. Then we may assume K1 = H1((π)).
Write a = a0 + ℘(b) + c with b ∈ K1, c ∈ k1 with maximal possible v(a0).
Suppose v(a0) ≥ 0. Then L ⊂ K1(x0, xc), xp0 − x0 = a0, xpc − xc = c, whence L/K1
is almost constant, a contradiction. Therefore, v(a0) = −n < 0.
Let s = sL/K1 = min{r|πna0 ∈
(
K1
)pr}. We have s < ∞ by the maximality of
v(a0). Now we use induction on s.
If sL/K1 = 0, then already L(π
′)/K1(π
′) is ferociously ramified, where (π′)p = π.
If s ≥ 1, it is clear that (p, n) = 1. Denote L′ = L(π′),K ′ = K1(π′), (π′)p = π. We
distinguish two cases.
1. a0 can be written in the form
a0 =
[−n/p]∑
i=−n
bpi π
i + a1,
where bi ∈ H, vK(a1) > −n/p. Then a0 ≡ bm(π′)m + . . . mod ℘(K ′), where
m = −n/p, dots denote terms of higher order, and we obtain sL′/K′ = sL/K1 − 1.
2. a0 cannot be written in this form. Then we see immediately that sL′/K′ = 0.
In both cases one applies the assumption of induction to L′/K ′.
It remains to consider the case when L/K1 is of degree p, separable, but not
normal. Let L1/K1 be the normal closure of L/K1, K2/K1 the maximal tamely
ramified subextension in L1/K1. Then [L1 : K2] = p, L1/K2 is normal, and K2 is
almost standard. We can apply the already considered case to UL1/U , where U is
a suitable unramified extension of K2. 
Proposition 0.2.2. (Epp [E]) Let L/K be a finite extension of complete discrete
valuation fields, k the constant subfield of K. Then there exists a finite extension
l/k such that elL/lK = 1.
Proof. Let charK = p. Let K ′/K be the maximal almost constant subextension
in L/K, k′ the constant subfield in K ′. Then K ′ is almost standard, and L/K ′ is
infernal. There exists l1/k such that l1K
′/l1K is unramified. By Proposition 0.2.1,
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there exists l2/k
′ such that l2L/l2K
′ is ferociously ramified. Let l = l1l2. Then
lK ′/lK is unramified, lL/lK ′ is ferociously ramified, whence e(lL/lK) = 1.
In the case charK = 0 the argument is essentially the same. Instead of purely
inseparable extensions l/k one can take cyclic extensions with sufficiently big ram-
ification jumps. For a detailed proof, see [Z1, KZ]. 
Corollary. Let K be a complete discrete valuation field, k the constant subfield of
K. Then there exists a finite extension l/k such that lK is standard.
0.3. Two-dimensional local fields. (See [HLF, MZ1, MZ2].)
We shall freely use the terminology and notation from [HLF, MZ1]. In particular,
a two-dimensional local field is a fieldK which is complete with respect to a discrete
valuation v, and such that the residue field K of K is a complete discretely valued
field with perfect residue field. Throughout this article we assume that K is of
characteristic p.
A system of local parameters in K is any (t, π), where v(π) = 1, v(t) = 0, and
the residue class of t in K is a prime element of the latter field. The choice of such
a system determines a rank two discrete valuation on K, and valuations obtained
this way are equivalent. The group of principal units of K with respect to any of
these rank two valuations is denoted by VK . Next, the group of principal units with
respect to rank one valuation of K is denoted by UK(1). In other words, VK (resp.
UK(1)) consists of all a ∈ OK such that the residue class of a in K belongs to O∗K
(resp. equals 1).
Proposition 0.3. Let K be a two-dimensional local field (of characteristic either
0 or p), k the constant subfield of K. Then K is standard if and only if K ≃ k{{t}}.
Proof. Consider the embedding k{{T}} → K, which maps f(T ) to f(t). It is natural
to denote its image by k{{t}}. Then K/k{{t}} is a totally ramified extension with
the ramification index eK/k. 
0.4. Topological K-groups. (See [HLF, F3, Z2].)
Well-known lemma 0.4.1. Let F be a field, α, β ∈ F ∗, α, β 6= 0, 1, αβ 6= α− 1.
Then
{1− α, 1 − β} = {α(1− β), 1− (1− α−1)−1β}
in K2F .
Proof. Using the Steinberg relation, we obtain
{1− α, 1 − β} = {1− α+ αβ, 1 − β} −
{
1 +
αβ
1− α, 1 − β
}
= −{1− α+ αβ,α} −
{
1 +
αβ
1− α, 1 − β
}
= −
{
1 +
αβ
1− α,α
}
−
{
1 +
αβ
1− α, 1− β
}
=
{
α(1− β), 1 + αβ
1− α
}
. 
We recall the definition and some properties of topological K-groups Ktop2 K.
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Let K be a two-dimensional local field. The topology on K2K is defined as
the finest topology such that the natural map K∗ × K∗ → K2K is sequentially
continuous, and subtraction in K2K is sequentially continuous. Then the inter-
section of all neighborhoods of zero in K2K coincides with ∩l≥1lK2K. The group
K2K/ ∩l≥1 lK2K with the quotient topology is denoted by Ktop2 K. When it does
not lead to a confusion, the class of {a, b} ∈ K2K in Ktop2 K is also denoted by
{a, b}.
Denote by VKtop2 K (resp. U(1)K
top
2 K) the subgroup of K
top
2 K generated by all
symbols {u, x}, where x ∈ K and u ∈ VK (resp. u ∈ UK(1)).
Next, following [HLF, Ch. VI] and [F3], we give an alternative description of
topology on VKtop2 K.
Let τ be a topology on a set X. The sequential saturation of τ is defined as the
finest topology τ ′ on X such that the set of convergent sequences for τ ′ is the same
as that for τ . For topological spaces X, Y the ∗-product topology on X × Y is the
sequential saturation of the product topology.
Theorem 0.4.2 ([HLF, 6.6; F3, Theorem 4.6]). Let (t, π) be local parameters of
K. Then the homomorphism
g : VK × VK → VKtop2 K
(α, β) 7→ {α, π} + {β, t}
induces a homeomorphism between (VK × VK)/Kerg and VKtop2 K. Here (VK ×
VK)/Kerg is endowed with the quotient topology of ∗-product topology.
Corollary 0.4.3. Any neighborhood of 0 in VKtop2 K contains p
nVKtop2 K for some
n.
Proof. Let U be a neighborhood of 0 in VKtop2 K. If the claim is wrong, for any i ≥ 1
there exists ai ∈ piVKtop2 K such that ai /∈ U . Let ai = pibi, bi = {αi, π} + {βi, t},
αi, βi ∈ VK . By Lemma 1.6 in [Z2], any neighborhood of 1 in K contains V p
m
K for
some m. Therefore, αp
i
i , β
pi
i → 1, whence ai → 0 in VKtop2 K by Theorem 0.4.2. 
Let A be a subgroup in VKtop2 K. We denote by ClA the intersection of all open
subgroups containing A. This notation is justified by the fact that any closed sub-
group in VKtop2 K coincides with the intersection of all open subgroups containing
it, as explained in [F3, Proof of Theorem 4.6]. Any set of generators of A is said to
be a set of topological generators for ClA. We say also that A is dense in ClA.
Proposition 0.4.4. Let L/K be a finite extension, A any subgroup in VKtop2 K.
Then NL/K ClA = ClNL/KA.
Proof. By [HLF, 6.8.2], the norm of any closed subgroup is closed, and, therefore,
NL/K ClA ⊃ ClNL/KA.
Conversely, let U ′ be an open subgroup in VKtop2 L containing NL/KA. By
Corollary 0.4.3, U ′ contains pnVKtop2 L for some n. Then N
−1
L/K (U
′) is an open
subgroup VKtop2 K; this is explained in [Z2, Corollary 4.4] and in [HLF, 6.8.2]. It
follows ClA ⊂ N−1L/K(U ′), and we conclude that NL/K ClA ⊂ ClNL/KA. 
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Proposition 0.4.5. Let K be a two-dimensional local field with the last residue
field F , charK = p. Then any a ∈ U(1)Ktop2 K can be uniquely written in the form
a =
∑
i≥1,j∈Z
(j,p)=1
θ∈B
cijθ{π, 1 + θπitj}+
∑
i≥1,j∈Z
(i,p)=1
(j,p) 6=1
θ∈B
cijθ{t, 1 + θπitj},
where B is a certain fixed Fp-basis of F , cijθ ∈ Zp. Here, for any positive integer n,
the set {(j, i)|vp(cijθ) < n for some θ} is admissible, i. e., pn|cijθ for all sufficiently
small j < j(i) and any θ.
For the existence and uniqueness of expansion, see [P, §2, Prop. 1 and 3] when F
is finite, and [F2, Prop. 2.4] in the general case. The remaining statement follows
from [MZ2]; we shall not use it.
§1. General ramification theory
1.1. Definitions.
For the whole paper, we denote
I = {−1, 0} ∪ {(c, i)|i ∈ Q, i > 0} ∪ {(c,∞)} ∪ {(i, i)|i ∈ Q, i > 0} ∪ {∞}.
This is the index set for lower and upper numbering of ramification subgroups we
are going to introduce. (The letters c and i are related to (almost) constant and
infernal extensions respectively.) This set is linearly ordered as follows:
−1 < 0 < (c, i) < (i, j) <∞ for any i, j;
(c, i) < (c, j) for any i < j;
(i, i) < (i, j) for any i < j.
LetK be a complete discrete valuation field of any characteristic with the residue
field K of characteristic p > 0. We assume that [K : K
p
] = p.
Let L/K be a finite Galois extension, G = Gal(L/K). For any α ∈ I we are
going to define a subgroup Gα in G.
We put G−1 = G, and denote by G0 the inertia subgroup in G, i. e.,
G0 = {g ∈ G|g(a)− a ∈ML for all a ∈ OL}.
Denote by Kc/K the maximal almost constant subextension in L/K. To intro-
duce subgroups G(c,i) = Gc,i, we consider first the case when Kc/K is constant
and contains no unramified subextension. Then Kc = lK, and we have a natural
projection
pr : Gal(L/K)→ Gal(Kc/K) = Gal(l/k) = Gal(l/k)0,
where l and k are the constant subfields in L and K respectively. Then we put
Gc,i = pr
−1(Gal(l/k)i). In the general case take an unramified extension K
′/K
such that K ′L/K ′ contains no unramified subextension, and the maximal almost
8 IGOR ZHUKOV
constant subextension in K ′L/K ′ (i. e., K ′Kc/K
′) is constant. We put Gc,i =
Gal(K ′L/K ′)c,i. It is easy to see that the choice of K
′ plays no role.
Next,
Gc,∞ = Gal(L/Kc) = Gc,m.
for m big enough. Now we turn to the definition of G(i,i) = Gi,i, i > 0.
Assume that Kc is standard and L/Kc is ferociously ramified. Let t ∈ OL,
t /∈ Lp. We define
Gi,i = {g ∈ Gal(L/Kc)|v0(g(t)− t) ≥ i}
for all i > 0.
We recall that v0 = vk0 ; thus, v0(L
∗) = e−1L Z. Notice that in the case under
consideration Gi,i = GieL−1 in the notation of [FV]. This follows directly from the
definition of usual ramification groups in [FV, (4.3)]. Therefore, Gi,i is independent
from the choice of t.
In the general case choose a finite extension l′/l such that l′Kc is standard
and e(l′L/l′Kc) = 1, see Proposition 0.2.2 and Corollary. Then it is clear that
Gal(l′L/l′Kc) = Gal(L/Kc). Next, l
′L/l′Kc is infernal, whence there is no non-
trivial unramified subextension in l′L/l′Kc. Together with e(l
′L/l′Kc) = 1 this
means that l′L/l′Kc is ferociously ramified. We define
Gi,i = Gal(l
′L/l′Kc)i,i = Gal(l
′L/l′K)i,i
for all i > 0.
Finally, put G∞ = {e}.
Proposition 1.1.1. Gi,i does not depend on the choice of l
′.
Proof. Let l′/l and l′′/l be finite extensions such that l′Kc and l
′′Kc are standard,
and
e(l′L/l′Kc) = e(l
′′L/l′′Kc) = 1.
Then l′l′′Kc is standard, and e(l
′l′′L/l′l′′Kc) = 1. We may therefore assume that
l′ ⊂ l′′. Let t ∈ Ol′L, t /∈ (l′L)p. Then we have t ∈ Ol′′L, t /∈ (l′′L)p, and we
conclude that Gal(l′′L/l′′Kc)i,i = Gal(l
′L/l′Kc)i,i immediately by the definition of
Gi,i in the ferociously ramified case. 
Thus, we have defined Gα for all α ∈ I, and we see immediately that α < β
implies Gα ⊇ Gβ . We say that α ∈ I is a jump for L/K if Gα 6= Gβ for any β > α.
Proposition 1.1.2. For any α ∈ I, Gα is a normal subgroup in G.
Proof. We have nothing to prove, if α = −1 or α =∞. It is well known that G0 is
normal, see, e. g., [FV, (4.3)]. Next, let α = (c, i). We may assume that K ′/K in
the definition of Gc,i is normal. Let g ∈ G, h ∈ Gα. Extend g and h onto K ′L/K
so that h ∈ Gal(K ′L/K ′), this can be done since h ∈ Gα ⊂ G0. We see
ghg−1|K′ = g|K′ · g−1|K′ = e,
whence ghg−1 ∈ Gal(K ′L/K ′) = G0.
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Let K ′c/K be the maximal almost constant subextension in K
′L/K ′, and let k′,
l′ be the constant subfields in K ′ and K ′L respectively. We have g(k′) = k′, whence
g(K ′
c
) = K ′
c
. Now
pr(ghg−1) = g|K′
c
·h|K′
c
·g−1|K′
c
∈ gGal(l′/k′)ig−1 = Gal(g(l′)/g(k′))i = Gal(l′/k′)i.
This proves also the case α = (c,∞).
In the case α = (i, i) the same argument is applicable. Indeed, l′/l in the
definition may be chosen to be normal, and the relation v0(g(t)− t)) ≥ i is stable
with respect to any automorphisms of discretely valued fields. 
1.2. Compatibility with subgroups.
Proposition 1.2. Let H be a subgroup in G. Then for any α ∈ I we have Hα =
H ∩Gα.
Proof. The assertion is obvious for α = −1, 0,∞. Next, denote by M the inter-
mediate field in L/K which corresponds to H. Then KcM/M is almost constant,
whence KcM ⊂ Mc. On the other hand, L/KcM is infernal, and we conclude
KcM = Mc. This proves the assertion for α = (c,∞). Next, if e(l˜L/l˜Kc) = 1,
then e(l˜L/l˜Mc) = 1 as well. It is clear now that
Hi,i = Gal(L/Mc) ∩Gi,i = Hc,∞ ∩Gi,i = H ∩Gi,i
for all i > 0.
Finally, let α = (c, i). Denote by K ′/K any unramified extension such that
K ′L/K ′ contains no unramified subextension, and the maximal almost constant
subextension in K ′L/K ′ is constant. Then K ′L/K ′M possesses these two prop-
erties as well. Let k′, l′, m′ be constant subfields in K ′, K ′L, K ′M respectively.
Then the natural projection Gal(K ′L/K ′M)→ Gal(l′/m′) is the restriction of the
natural projection pr : Gal(K ′L/K ′)→ Gal(l′/k′). Therefore,
Hα = H ∩ pr−1(Gal(l′/m′)i)
= H ∩ pr−1(Gal(l′/m′) ∩Gal(l′/k′)i)
= H ∩Gal(K ′L/m′K ′) ∩Gal(K ′L/K ′)α
= H ∩Gα,
the latter equality follows from
H∩Gal(K ′L/K ′)α ⊂ H∩Gal(K ′L/K ′) = Gal(K ′L/K ′M) ⊂ Gal(K ′L/m′K ′). 
1.3. Hasse-Herbrand functions and compatibility with quotient groups.
To compute the ramification of a quotient group G/H, we have to express the
ramification number of given σ ∈ G/H in terms of ramification numbers of its
representatives in G. For constant extensions, we use [Se, Ch. IV, Prop. 3 and
Lemma 5]. Now we carry out the same calculation for the case of ferociously
ramified L/K.
Let t ∈ OL, t /∈ Lp. Let
iG(g) = v0(g(t)− t) = max{i|g ∈ Gi,i}
for g ∈ G = Gal(L/K), g 6= 1.
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Lemma 1.3.1. Let L/K be ferociously ramified, H a normal subgroup in G, σ ∈
G/H, σ 6= 1. Then
iG/H(σ) = iG(g1) + · · · + iG(gn),
where g1, . . . , gn are all the representatives of σ in G.
Proof. Similarly to [Se, Ch. IV, Prop. 3]. 
Let L/K be an arbitrary finite Galois extension, Kc/K the maximal almost
constant subextension in L/K. We define ΦL/K : I→ I as follows:
ΦL/K(α) = α for α = −1, 0, (c,∞),∞;
ΦL/K((c, i)) =
(
c,
1
e(L/K)
∫ i
0
|Gal(Kc/K)c,t|dt
)
for all i > 0;
ΦL/K((i, i)) =
(
i,
∫ i
0
|Gal(L/K)i,t|dt
)
for all i > 0.
It is easily seen that ΦL/K is bijective and increasing; we introduce also ΨL/K =
Φ−1L/K .
Proposition 1.3.2. Let L/K and M/K be finite Galois extensions with M ⊂ L.
Then ΦL/K = ΦM/K ◦ ΦL/M .
Proof. The proposition follows immediately from the definitions in the following
three cases: L/K is almost constant; L/K is infernal (by Lemma 1.3.1); M/K is
almost constant whereas L/M is infernal.
Let now M/K be infernal, and L/M be almost constant. Then there exists an
almost constant Galois extension L′/K such that L = L′M . (The argument is
the same as in the proof of the 1st property of infernal extension in 0.2.) The
extension L′/K is in fact the maximal almost constant subextension in L/K. By
the definition ΦM/K = ΦL/L′ . It is also easy to see that ΦL′/K = ΦL/M . These
two functions commute since ΦM/K affects only the “infernal” part of I, and ΦL′/K
only the “constant” one. Therefore,
ΦM/K ◦ ΦL/M = ΦL/L′ ◦ ΦL′/K = ΦL′/K ◦ ΦL/L′ = ΦL/K .
In the general case let T/M be the maximal almost constant subextension in
L/M , and S/K that in M/K. This is clear that T/S is a Galois extension. Let
T ′/S be the maximal almost constant subextension in it. Then T ′ is obviously the
maximal almost constant subextension also in L/K and, therefore, normal over K.
We have now
ΦL/K = ΦL/T ′ ◦ ΦT ′/K
= ΦL/T ◦ ΦT/T ′ ◦ ΦT ′/S ◦ ΦS/K
= ΦL/T ◦ ΦT/S ◦ ΦS/K
= ΦL/T ◦ ΦT/M ◦ ΦM/S ◦ ΦS/K
= ΦL/M ◦ ΦM/K . 
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Proposition 1.3.3. Let G = Gal(L/K), H a normal subgroup in G, M the corre-
sponding intermediate field. Then for any α ∈ I we have (G/H)α = GΨL/M(α)H/H.
Proof. The cases α = −1, α =∞ are trivial.
Let α = 0. If g ∈ G0, then g acts trivially on M ⊂ L, whence gH ∈ (G/H)0.
Conversely, let gH ∈ (G/H)0. Then the image of g in Gal(L/K) is h ∈ Gal(L/M).
If h is a preimage of h in H = Gal(L/M), then gh−1 ∈ G0, whence gH ∈ G0H/H.
Let α = (c, i), 0 < i ≤ ∞. Consider first the case when Kc/K is constant
and contains no unramified subextensions. Let k, l,m be the constant subfields of
K,L,M respectively. Consider the commutative diagram of natural epimorphisms
Gal(L/K)
prL−−−−→ Gal(l/k)
Q
y qy
Gal(M/K)
prM−−−−→ Gal(m/k)
It is sufficient to prove that Q−1((G/H)α) = GΨL/M(α)H. We have
Q−1((G/H)α) = Q
−1(pr−1M (Gal(m/k)i))
= pr−1L (q
−1(Gal(m/k)i))
= pr−1L (q
−1(Gal(l/k)ψl/m(i)Gal(l/m)/Gal(l/m)))
= pr−1L (Gal(l/k)ψl/m(i)Gal(l/m))
= Gc,ψl/m(i) ·Gal(L/mK)
= GΨL/M(α) ·Gal(L/mK)
⊃ GΨL/M(α)H
It remains to prove that Gal(L/mK) ⊂ GΨL/M(α)H. Let g ∈ Gal(L/mK), then
prL(g) ∈ Gal(l/m). Let h be any preimage of prL(g) in H = Gal(L/M); then
gh−1 ∈ Gal(L/lK) = Gc,∞ ⊂ GψL/M(α).
In the general case takeK ′/K as in the proof of Prop. 1.2; H ′ = Gal(K ′L/K ′M).
Then ΨL/M = ΨK′L/K′M , and
Gal(K ′M/K ′)α = Gal(K
′L/K ′)ΨL/M(α)H
′/H ′.
The natural embedding Gal(K ′M/K ′) →֒ G/H identifies these groups with (G/H)α
and GΨL/M(α)H/H respectively.
Finally, let α = (i, i). Denote by KL
c
and KM
c
the maximal almost constant
extensions in L/K and M/K respectively; we have KMc ⊂ KLc . Consider the
case when both KL
c
and KM
c
are standard, and L/KM
c
is ferociously ramified.
In this case we use Lemma 1.3.1 and argue exactly as in [Se, Ch. IV, Lemmas
3,4,5]. In the general case take a finite extension l′/l such that l′KMc and l
′KLc
are standard, and e(l′L/l′KM
c
) = 1. Then GΨL/M(α) = Gal(l
′L/l′K)ΨL/M(α), and
(G/H)α = Gal(l
′M/l′K)α. Since ΨL/M (α) = Ψl′L/l′M (α) for α ≥ (c,∞), we have
Gal(l′M/l′K)α = Gal(l
′L/l′K)ΨL/M(α)H
′/H ′, where H ′ = Gal(l′L/l′M); in G/H
this yields (G/H)α = GψL/M (α)H/H 
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1.4. Upper numbering.
As usual, we denote Gα = GΨL/K(α) for any α ∈ I. Then Proposition 1.3.3 can
be reformulated as follows.
Corollary 1.4. Let G be the Galois group of a finite Galois extension of K, H a
normal subgroup in G. Then for any α ∈ I we have (G/H)α = GαH/H. 
Let L/K be an arbitrary Galois extension, L =
⋃
Li, Li/K finite Galois exten-
sions, G = Gal(L/K). Then we define
Gα = lim
←
Gal(Li/K)
α; Lα = LG
α
.
Further, one can define Kα = (K
sep)α for all α ∈ I. Then K−1 = K, K0 = Kur,
Kc,1 = K
tr, Kc,∞ = K
urksep, K∞ = K
sep, where k is the constant subfield in K.
1.5. Examples.
In all examples K = F ((π)) is of characteristic p, standard, with π ∈ k; t is an
element of F \ F p. Assume v0(π) = 1.
1. Let L be the splitting field of Xp −X − π−pit, where i > 0. Then the only
jump of lower filtration for L/K is (i, i) and the only jump of upper filtration is
(i, pi).
Indeed, L/K is ferociously ramified, and OL = OK [πix], where x is a root of
Xp −X − π−pit.
2. Let L be the splitting field of Xp − X − π−it where i > 0, and i is prime
to p. Then the only jump of lower filtration is (i, i/p) and the only jump of upper
filtration is (i, i).
In this case L/K is infernal but totally ramified. To compute the ramification,
consider l′ = k(π1), π
p
1 = π. Then l
′L/l′K is ferociously ramified, and the minimal
polynomial of this extension is Xp−X−π−pi1 t. Now we apply the previous example
and take into account that v0(π1) = p
−1.
3. Let L be the splitting field of Xp −X − π−itpj where i > 0, and i is prime to
p. Then the only jump of lower filtration is (i, i/pj+1) and the only jump of upper
filtration is (i, i/pj).
In this case take l′ = k(πj+1), π
pj+1
j+1 = π. Then π
−itp
j ≡ π−pij+1t mod ℘(l′K).
Therefore, l′L = l′K(x), where x is a root of Xp −X − π−pij+1t. We conclude that
l′L/l′K is ferociously ramified, and the jumps can be computed as in the first
example.
4. Let L be the splitting field of Xp −X − π−i where i > 0, and i is prime to p.
Then the only jump of lower filtration is (c, i) and the only jump of upper filtration
is (c, i).
§2. Example: abelian extensions of exponent p
We start with the case charK = p. In this case the group of characters of
Gal(K) of exponent p can be identified via Artin-Schreier theory with the group
K/℘(K), where Gal(K) is the absolute Galois group of K, and ℘ : K → K is the
Artin-Schreier map x 7→ xp − x. Since the group Gal(K) possesses a decreasing
filtration indexed by I, the additive group of K acquires an increasing filtration
indexed by I.
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Let α ∈ I. Denote by Aα = Aα,K the set of such a ∈ K that the polynomial
Xp −X − a completely splits in Kα. These Aα form an increasing filtration on K:
℘(K) = A−1 ⊆ A0 ⊆ Ac,1 ⊆ · · · ⊆ A∞ = K.
It is obvious that A0 = OK + ℘(K). Further, it is easy to obtain that Ac,i =
M
−i
k + A0 for all integral i > 0, and Ac,∞ = k + A0. As for Ai,i, these subgroups
can be calculated explicitly only in case K is standard.
Proposition. Let K be standard, i. e., K = F ((π)) with π ∈ k. Then
(1) Ai,i = k +A0 +
∞∑
l=0
π−p
liF p
l
[[π]].
Proof. Let a belong to the right hand side of (1), x be a root of Xp −X − a. To
prove that K(x) ⊂ Ki,i, it is sufficient to consider the following cases.
1. a ∈ k, then K(x)/K is constant, whence K(x) ⊂ Kc,∞ ⊂ Ki,i.
2. a ∈ OK , then K(x)/K is unramified, whence K(x) ⊂ K0 ⊂ Ki,i.
3. a ∈ π−pliF pl [[π]]. In the field K ′ = K(π′), where π′pl = π, we have a = bpl ,
b ∈ π′−pliF [[π′]]. Observe that bpl ≡ b mod ℘(K ′), whence K ′(x) = K ′(x′),
x′
p − x′ = b. Clearly, v0(x′) = p−1v0(b) ≥ −p−1i. Without loss of generality we
may assume that K(x)/K is infernal. By Proposition 0.2.1, there exists a finite
constant extension K ′′/K ′ such that K ′′(x)/K ′′ is ferociously ramified. If g is a
generator of Gal(K ′′(x)/K ′′), we have
v0(g(x
′)− x′) = 0,
whence the only jump in the lower filtration is ≤ (i, p−1i), and the only jump in
the upper filtration is ≤ (i, i). We conclude K(x) ⊂ Ki,i, and a ∈ Ai,i.
Conversely, suppose that a ∈ Ai,i, xp − x = a. If K(x)/K is almost constant,
then a = au + ac, such that K(xu)/K is unramified and K(xc)/K is constant,
xpc − xc = ac ∈ K, xpu − xu = au ∈ K. It follows ac ∈ k + ℘(K), au ∈ OK + ℘(K),
and we are done.
It remains to consider the case of infernal K(x)/K. Let
a = bmπ
−m + bm−1π
−(m−1) + . . . ,
where bj ∈ F . Adding an element of k ⊂ Ac,∞ ⊂ Ai,i to a, we may assume
bj = d
plj
j , where dj /∈ F p. Similarly, adding an element of ℘(K), we may assume
that for any j either p ∤ j or lj = 0. Consider quotients κj = e
−1
K j/p
lj . (eK plays
the role of absolute ramification index.) Due to the previous remark, the values
of κj are all different. (κr = κs would imply that at least one of the fractions
r/plr and s/pls is reducible.) Notice that κ = max(κj) remains invariant when we
replace K with K( p
√
π).
Now let K ′ = K(π′), where π′
pN
= π, N = max(lj) + 1. Then it is easy to see
that K ′(x) = K ′(x′),
x′
p − x′ = π′−κeK′d+ . . . ,
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d /∈ F p. Since p | κeK′ , we conclude that K ′(x)/K is ferociously ramified, and the
jump of ramification in upper numbering is κ. This means κ ≤ i, and a lies in the
right hand side of (1). 
Now we turn to the case where charK = 0 and K contains all pth roots of unity.
Let α ∈ I. Denote by Bα the set of such b ∈ K∗ that p
√
b ∈ Kα. These Bα form
an increasing filtration in K∗:
(K∗)p = B−1 ⊆ B0 ⊆ Bc,1 ⊆ · · · ⊆ B∞ = K∗.
It is obvious that B0 = U pe
p−1 ,K
· (K∗)p, where e = eK . Further, it is easy to obtain
that
Bc,i =
{
U pe
p−1−i,k
B0, i <
pe
p−1 ,
k∗B0, i ≥ pep−1 .
If K is standard then Bi,i is generated by k
∗B0 and all elements of the kind
1 + πjap
m
where j ≥ 0, a ∈ OK and m is the minimal non-negative integer such
that
pe
p− 1 − j ≤ p
mi.
§3. Fine ramification theory
Assume that the algebraic closure of the residue field of K is also endowed with
a valuation w : (K
sep
)∗ → Q such that the restriction of w to K is discrete. It is
clear that the restriction of w to the maximal perfect subfield of K is trivial. The
main example is given by a two-dimensional local field K. In this case K is the field
of Laurent power series over a perfect field F . One can take for w the extension of
the valuation on K onto K
sep
. Another example is a two-dimensional local-global
field, i. e., K is a field of algebraic functions in one variable over a perfect field.
(Then there is a lot of non-equivalent valuations w.)
Now we define the canonical (up to the choice of a base subfield and of w) rank
2 valuation v0 on K.
Proposition 3.1. Let k be the constant subfield in K. There exists a unique
valuation v0 = (v1, v2) : (K
alg)∗ → Q × Q such that v2(a) = v0(a) for all a ∈ K∗,
v1(u) = w(u) for all u ∈ UKalg , and v0(c) = (0, v0(c)) for all c ∈ k. The value
group of v0|K∗ is isomorphic to Z× Z.
Proof. Let π0 be a prime element of k0. For a ∈ Kalg, let v0(a) = mn , m,n ∈
Z. Then π−m0 a
n ∈ UKalg , and we see that the only possible value for v0(a) is(
w
(
π−m0 a
n
)
/n,m/n
)
. The value group of v0|K∗ is generated by v0(π) and (1, 0),
where π is a prime of K. 
Introduce the index set
I2 = I ∪ {(i1, i2)|i1, i2 ∈ Q, i2 > 0}.
We extend the ordering of I onto I2 assuming
(i, i2) < (i1, i2) < (i
′
1, i2) < (i, i
′
2)
for all i2 < i
′
2, i1 < i
′
1.
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We turn to the definition of Gi1,i2 where G is the Galois group of a given finite
Galois extension L/K. Assume first that Kc is standard and L/Kc is ferociously
ramified. Let t ∈ OL, t /∈ Lp. We define
Gi1,i2 =
{
g ∈ Gal(L/Kc)
∣∣∣∣v0
(
g(t)
t
− 1
)
≥ (i1, i2)
}
for i1, i2 ∈ Q, i2 > 0. Observe that OL = OKc [t], whence v0(g(t)t−1 − 1) ≥
(i1, i2) implies v0(g(a)a
−1 − 1) ≥ (i1, i2) for any a ∈ OL, a 6= 0. This proves the
independence of Gi1,i2 from the choice of t.
In the general case we choose l′/l such that l′Kc is standard and l
′L/l′Kc is
ferociously ramified and put
Gi1,i2 = Gal(l
′L/l′Kc)i1,i2 .
Like in §1, we see that Gi1,i2 does not depend on the choice of l′. (Therefore, only
k0 and w are involved.)
We say that α ∈ I2 is a jump for L/K if Gα 6= Gβ for any β > α. It is easy to
see that any jump is either −1, or 0, or (c, i) with integral i, or (i1, i2).
Like in 1.3, one constructs Hasse-Herbrand functions Φ2,L/K : I2 → I2 and
Ψ2,L/K = Φ
−1
2,L/K
which extend Φ and Ψ respectively. Namely,
Φ2,L/K((i1, i2)) =
∫ (i1,i2)
(0,0)
|Gal(L/K)t|dt
=
m∑
i=1
(hi − hi−1)|Gal(L/K)hi |+ ((i1, i2)− hm)|Gal(L/K)i1,i2 |,
where h1 < · · · < hm are all jumps for L/K between (0, 0) and (i1, i2), and h0 =
(0, 0).
The assertions of 1.2, 1.3, 1.4 all remain valid, if one replaces I, Φ, Ψ with I2,
Φ2, Ψ2 respectively. In what follows, we shall write Φ and Ψ instead of Φ2 and Ψ2.
§4. The subgroups Sα in U(1)Ktop2 K
In the rest of this paper K denotes a two-dimensional local field (see 0.3) such
that charK = p. We fix a base subfield in K. The constant subfield of K is denoted
by k.
We fix a diskrete valuation of renk one on the first residue field of K. It has
a unique extension to the valuation w :
(
K
alg)∗ → Q. We do not require that
w(K
∗
) ⊂ Z. Then a valuation v0 = (v1, v2) : (Kalg)∗ → Q2 is defined, see §3. Let
t, π be local parameters of K. Introduce a matrix
epi,t =
(
v1(t) v2(t)
v1(π) v2(π)
)−1
.
Then it is easy to see that the valuation vK : K
∗ → Z2, which is associated with
π and t, can be written as vK = v0|K · epi,t. In most cases, we shall not mention
explicitly that we have fixed certain local parameters t, π in K.
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Sometimes we shall use the notation Uα,K for {u ∈ K|v0(u− 1) ≥ α}.
Introduce subgroups
Qα = Qα,K = 〈{c, u} | c ∈ k, u ∈ K,v0(u− 1) ≥ α〉 ⊂ U(1)Ktop2 K,
Q(n)α = {a ∈ U(1)Ktop2 K | pna ∈ Qα},
Sα = Sα,K = Cl
⋃
n≥0
Q
(n)
pnα,
where α ∈ Q2+, n ≥ 0.
To check that Sα is a subgroup in U(1)K
top
2 K, observe that pQα ⊂ Qpα. There-
fore, Q
(n)
α ⊂ Q(n+1)pα for all n.
Proposition 4.1. Let K be standard, π, t local parameters of K such that π is a
constant. Then the following elements of U(1)Ktop2 K topologically generate Sα:
(1)
prij{π, 1 + θπitj}, θ ∈ B, (j, p) = 1;
prij{t, 1 + θπitj}, θ ∈ B, (i, p) = 1, (j, p) 6= 1, j 6= 0,
where B is a certain fixed Fp-basis of the last residue field of K, rij = rij(α) is the
minimal non-negative integer such that prij (j, i) ≥ pvp(j)αepi,t.
Corollary 1. In the setting of Proposition 4.1, the subgroup pSα/p, together with
the following elements of U(1)Ktop2 K, topologically generate Sα:
{π, 1 + θπitj}, θ ∈ B, p ∤ j, (j, i) ≥ αepi,t;
{t, 1 + θπitj}, θ ∈ B, p ∤ i, p | j, (j, i) ≥ pvp(j)αepi,t.
(One can say that these elements are topological generators of Sα modulo pSα/p.)
Corollary 2. In the setting of Proposition 4.1, let
aijθ =
{ {π, uijθ}, θ ∈ B, p ∤ j, (j, i) ≥ αepi,t;
{t, uijθ}, θ ∈ B, p ∤ i, p | j, (j, i) ≥ pvp(j)αepi,t.
where uijθ ≡ 1 + θπitj mod UK(j + 1, i). Assume that all aijθ ∈ Sα and that uijθ
form a part of some system of topological generators of K∗. Then all these aijθ are
topological generators of Sα modulo pSα/p.
Next, for a fixed t, for any j 6= 0 and i > 0 denote
Wij = Wij,K =
{
1 +
∞∑
ν=1
cνt
νj
∣∣cν ∈ k, vk(cν) ≥ νi}.
Obviously, Wij is a subgroup in K
∗.
Proposition 4.2. Let K = k{{t}}, π a prime element in k, α ∈ Q2+, j 6= 0, i > 0,
(j, i) ≥ pvp(j)αepi,t. Then for any u ∈ Wij we have {t, u} ∈ Sα.
Proof of Propositions 4.1 and 4.2. Denote by A0α the subgroup of U(1)K
top
2 K gen-
erated by all elements (1) and put Aα = ClA
0
α. Denote also Bd = {θp
d|θ ∈ B},
d ≥ 0. This is also an Fp-basis of F .
ON RAMIFICATION THEORY IN THE IMPERFECT RESIDUE FIELD CASE 17
Step 1: Aα ⊂ Sα.
Let (i, p) = 1, (j, p) 6= 1. Then
(2)
{π, 1 + θπitj} = i−1{πi, 1 + θπitj}
= i−1{−θtj, 1 + θπitj}
= i−1j{t, 1 + θπitj},
whence pvp(j){t, 1 + θπitj} ∈ Qβ , β = (j, i)e−1pi,t. If rij ≤ vp(j), we have
prij{t, 1 + θπitj} ∈ Q(vp(j)−rij)β ⊂ Sprij−vp(j)β ⊂ Sα.
If rij > vp(j), we have
prij{t, 1 + θπitj} ∈ prij−vp(j)Qβ ⊂ Qprij−vp(j)β ⊂ Sα.
Similarly, for (j, p) = 1 we have
prij{π, 1 + θπitj} ∈ prijQβ ⊂ Qprijβ ⊂ Sα.
Therefore, A0α ⊂ Sα, and Aα ⊂ Sα.
Step 2: the elements prij{π, 1 + θπitj} and prij{t, 1 + θπitj} are in Aα for all
i > 0, all j 6= 0, and all θ ∈ Bd, d = min(vp(i), vp(j)).
If (i, p) = 1, (j, p) 6= 1, the symbol prij{π, 1 + θπitj} is a multiple of prij{t, 1 +
θπitj}, see (2). The case (j, p) = 1 is similar. If d = min(vp(i), vp(j)) > 0, i = pdi0
and j = pdj0, we have ri0j0 = rij , and for τ = π, t:
prij{τ, 1 + θπitj} = pd · pri0j0{τ, 1 + θ0πi0tj0} ∈ Aα.
Step 3: elements {t, u} (from Prop. 4.2) belong to Aα.
Any element of Wij can be written as an infinite product of 1 + θπ
mtnj with
m ≥ ni > 0 and θ ∈ Bd, d = min(vp(m), vp(ni)). We have
(nj,m) ≥ (nj, ni) ≥ npvp(j)αepi,t ≥ pvp(n)pvp(j)αepi,t = pvp(nj)αepi,t.
Therefore, rm,nj = 0, whence {t, 1 + θπmtnj} are in Aα by Step 2.
Step 4: Qα ⊂ Aα (for all al) implies Sα ⊂ Aα.
Indeed, Aα consists of all a ∈ U(1)Ktop2 K such that in the standard expansion
of a as in Proposition 0.4.5 we have vp(cijθ) ≥ rij(α) whenever j 6= 0, and cijθ = 0
when j = 0. Since max(rij(p
nα), n) = rij(α) + n, we obtain
Apnα ∩ pnU(1)Ktop2 K = pnAα.
Therefore, Qα ⊂ Aα implies Q(n)pnα ⊂ Aα.
Step 5: Qα ⊂ Aα.
The groupQα is topologically generated by {π, 1+θπitj} and {1+ηπr, 1+θπitj},
where θ, η ∈ B, (j, i) ≥ αepi,t, and r is any positive integer. We have to check that
these elements are in Aα.
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If j = 0, then all these elements are equal to 0 since Ktop2 k = 0 (see [Kn,
The´ore`me 1]). Thus, we may assume j 6= 0. We may also reduce to the case
p ∤ (i, j). Indeed, if min(vp(i), vp(j)) = d > 0, we have
{π, 1 + θπitj} = pd{π, 1 + θp−dπi0tj0} ∈ pdAα/pd ⊂ Aα,
and the same for {1 + ηπr , 1 + θπitj}.
If (j, p) = 1, we have rji(α) = 0, and {π, 1 + θπitj} is just one of the elements
(1). If (j, p) 6= 1, we have rji(α) ≤ vp(j) and, by (2), {π, 1 + θπitj} is a multiple of
prij{t, 1 + θπitj} which is one of the elements (1).
Finally, by Lemma 0.4.1,
(3)
{1 + ηπr, 1 + θπitj} = −{1 + θπitj , 1 + ηπr}
= −{−θπitj(1 + ηπr), w},
where
w = 1 +
θηπi+rtj
1 + θπitj
∈Wij ∩ UK(i+ r).
The symbol {−θ,w} is infinitely divisible, and, therefore, equals 0 in Ktop2 K. We
conclude that
{1 + ηπr, 1 + θπitj} = −i{π,w} − j{t, w} − {1 + ηπr , w}.
We already know from the previous paragraph that {π,w} ∈ Aα. Next, j{t, w} is
a multiple of pvp(j){t, w}, and {t, w} ∈ Aα/pvp(j) by Step 3. Therefore, j{t, w} ∈
pvp(j)Aα/pvp(j) ⊂ Aα. Applying the same transformation (3) to {1 + ηπr, w}, we
expand {1 + ηπr, 1 + θπitj} into a convergent sum of elements of Aα. 
§5. Behavior of Sα in certain types of extensions
5.1. In this section we assume that K is an equal characteristic two-dimensional
local field with the following additional property.
(*) Let L/K be any finite unramified extension. Then the extension l/k is also
unramified, where k and l are the constant subfields of K and L respectively.
The class of such fields is stable with respect to constant or unramified extensions.
However, an almost constant extension of K need not be of this type: adjoin a root
of Xp −X − π−1 − t to Fp((π)){{t}}. Note that any standard field satisfies (*).
This condition onK, together with Proposition 0.2.1, easily implies that a certain
constant purely inseparable extension of K is standard.
The aim of this section is to prove the following three assertions.
Proposition 5.1.1. Let L/K be an unramified extension, and let α ∈ Q2+. Then
we have NL/KSα,L = Sα,K .
Proposition 5.1.2. Let L/K be a constant totally ramified extension, and let
α ∈ Q2+. Then NL/KSα,L = Sα,K .
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Proposition 5.1.3. Let K be standard, L/K a cyclic ferociously ramified exten-
sion of degree p with the ramification jump h in lower numbering, and let α ∈ Q2+.
Then:
(1) NL/KSα,L = Sα+(p−1)h,K if α > h;
(2)NL/KSα,L is a subgroup in Spα,K if α ≤ h;
(3) (Spα,K : NL/KSα,L) = p if α ≤ h and the last residue field of K is quasi-
finite.
For the purposes of the proof, it is convenient to introduce notation S0α,K =⋃
n≥0Q
(n)
pnα. Then Sα,K = ClS
0
α,K , and to prove, say, Proposition 5.1.1, it is
sufficient to check that its conditions imply that NL/KS
0
α,L is dense in Sα,K .
5.2. Let L/K be a finite extension. Since there is no torsion in VKtop2 K, the
natural map VKtop2 K → VKtop2 L is injective, and we may identify VKtop2 K with a
subgroup in VKtop2 L.
Lemma 1. Let L/K be inseparable of degree p. Then VKtop2 K ⊂ pVKtop2 L.
Proof. Let L/K be totally ramified. Let π, t be local parameters of L. Then πp, t
are local parameters of K. In VKtop2 K one can choose a system of topological
generators of type {πp, 1 + θ(πp)itj}, p ∤ j, and {t, 1 + θ(πp)itj}, p | j. Evidently,
all these generators lie in pVKtop2 L.
For a ferociously ramified L/K, one should change the roles of π and t. 
Lemma 2. Let L/K be an inseparable constant extension of degree p. Then S0α,K ⊂
S0pα,L.
Proof. It is sufficient to check that Qα,K ⊂ Qpα,L. Let l and k be the constant
subfields in L and K respectively. Then k = lp,
Qα,K = 〈{cp, u} | c ∈ l, u ∈ K,v0(u− 1) ≥ α }〉
⊂ 〈{cp, u} | c ∈ l, u ∈ L,v0(u− 1) ≥ α }〉
= 〈{c, up} | c ∈ l, u ∈ L,v0(u− 1) ≥ α }〉
⊂ 〈{c, u} | c ∈ l, u ∈ L,v0(u− 1) ≥ pα }〉
= Qpα,L. 
Proposition 5.2. Let L/K be a constant purely inseparable totally ramified exten-
sion, and let α ∈ Q2+. Then NL/KSα,L = Sα,K .
Proof. We may assume [L : K] = p. Let π be a prime in the constant subfield of
L. We have
NL/K (pQα,L) = NL/K (〈{cp, u} | c ∈ l, u ∈ L,v0(u− 1) ≥ α }〉)
= 〈{cp, up} | c ∈ l, u ∈ L,v0(u− 1) ≥ α }〉
⊂ 〈{cp, u} | c ∈ l, u ∈ K,v0(u− 1) ≥ pα }〉
= Qpα,K ,
whence NL/KQα,L ⊂ Sα,K , and NL/KSα,L ⊂ Sα,K for all α ∈ Q2+. Conversely,
let a ∈ S0α,K . Then a = pb = NL/Kb, b ∈ VKtop2 L by Lemma 1. By Lemma 2,
pb ∈ S0pα,L, whence b ∈ S0α,L. 
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5.3. Proof of Proposition 5.1.1.
By Proposition 0.2.1 and condition (*), there exists an inseparable constant
extension K ′/K such that K ′ is standard. In view of Proposition 5.2, we may
assume without loss of generality that K ′ = K = k{{t}}, L = l{{t}}. Fix a prime
π ∈ k, it is also a prime element of l.
To prove that NL/KSα,L ⊂ Sα,K , it is sufficient to check that the norms of all
standard topological generators of NL/KSα,L (as in Prop. 4.1) belong to Sα,K .
Since prSα/pr ,K ⊂ Sα,K , we may consider only the case rij = 0. Now, for (j, i) ≥
αepi,t,
NL/K{π, 1 + θπitj} = {π,NL/K (1 + θπitj)} ∈ Qα,K ⊂ Sα,K
by the definition of Qα,K . Next, for (j, i) ≥ pvp(j)αepi,t,
NL/K{t, 1 + θπitj} = {t,NL/K(1 + θπitj)} ∈ Sα,K .
Indeed, all the conjugates of 1 + θπitj are in Wij,L, whence NL/K(1 + θπ
itj) ∈
Wij,L ∩K = Wij,K , and we may apply Prop. 4.2.
Conversely, to prove that Sα,K ⊂ NL/KSα,L, it is sufficient to check that all
standard topological generators of Sα,K belong to NL/KSα,L (see Prop. 0.4.4).
Again, we can easily reduce to the case rij = 0. We have 1+ θπ
itj ∈ NL/KUL(j, i),
whence, for (j, i) ≥ αepi,t,
{π, 1 + θπitj} ∈ NL/KQα,L ⊂ NL/KSα,L.
To see that {t, 1 + θπitj} ∈ NL/KSα,L for (j, i) ≥ pvp(j)αepi,t, observe that the
norms of topological generators of Wij,L topologically generate Wij,K , whence
NL/KWij,L =Wij,K . 
5.4. Proof of Proposition 5.1.2.
Let L/K be a constant totally ramified extension. Denote by L˜/K the normal
closure of L/K, byK ′/K the maximal unramified subextension in L˜/K and by L′/L
that in L˜/L. By Proposition 5.1.1, Sα,L = NL′/LSα,L′ , and Sα,K = NK′/KSα,K′ ,
and it is sufficient to prove Proposition for L˜/L′ and L˜/K ′.
Therefore, we may assume that L/K is normal, and, further, that L/K is cyclic
of prime degree. As in 5.3, there exists an inseparable constant extension K ′/K
such that K ′ is standard. In view of Proposition 5.2, we may assume without loss
of generality that K ′ = K.
Let π, t be local parameters in L such that π is a constant. Then π0, t are local
parameters of K, where π0 = NL/Kπ; we have K = k{{t}}.
We start with the case [L : K] = p. Let the ramification jump of L/K be (c, h).
First, we prove that NL/KSα,L ⊂ Sα,K . Notice that the group {{π, u}|v0(u −
1) ≥ α} is topologically generated by
{π, 1 + θπi0tj}, (j, pi) ≥ αepi,t,
{π, 1 + θπitj}, (i, p) = 1, (j, i) ≥ αepi,t.
It follows from Prop. 4.1 that Sα,L is topologically generated by these elements
and all prij{t, 1 + θπitj} of Prop. 4.1. As in 5.3, it is sufficient to consider only
those (j, i) where rij = 0. Notice also that (i, p) = 1 implies that {π, 1 + θπitj} is
a multiple of {t, 1 + θπitj} (see (2) in §4).
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Therefore, NL/KQα,L is topologically generated by
NL/K{π, 1 + θπi0tj} = {π0, 1 + θπi0tj}, (j, pi) ≥ αepi,t (i. e., (j, i) ≥ αepi0,t),
and
NL/K{t, 1 + θπitj} = {t,NL/K (1 + θπitj)}
=
{
t, 1 +
p∑
ν=1
cνt
νj
}
, (i, p) = 1, (j, i) ≥ vp(j)αepi,t.
Here cν ∈ k, vk(cν) ≥ 1p(νi+(p−1)h), ν = 1, . . . , p−1; vk(cp) = i. Then Proposition
4.2 implies that NL/K{t, 1 + θπitj} ∈ Sα,K (note that (j, i/p) ≥ vp(j)αepi0,t).
It remains to prove that NL/KSα,L is dense in Sα,K . In view of Proposition
0.4.3, it is sufficient to show that NL/KSα,L+pSα/p,K is dense in Sα,K . To do this,
we shall construct a system of topological generators aijθ for Sα,K/pSα/p,K as in
Corollary 2 to Proposition 4.1 such that aijθ ∈ NL/KSα,L. In this argument we
shall also make additional requirement for all aijθ with vp(i) = 0. Let j = p
mj0,
m = vp(j). We require that aijθ = {t, uijθ}, where
uijθ = 1 +
∞∑
ν=pm
cνt
νj0 (1)
with cν ∈ k, vk(cν) ≥ ipm ν.
Apply induction on vp(j). If vp(j) = 0, take aijθ = NL/K{π, 1 + θπi0tj} for all
(j, i) ≥ αepi0,t.
Suppose that aijθ with vp(j) ≤ n have already been constructed. Take a pair
(j, i) with vp(j) = n+ 1 and (j, i) ≥ pn+1αepi0,t. Consider
NL/K{t, 1 + θπitj/p} = {t,NL/K(1 + θπitj/p)}
= {t, 1 +
p−1∑
r=1
crt
rj/p + θpπi0t
j},
where cr ∈ k, vk(cr) ≥ ri + (p − 1)h. We take aijηp = NL/K{t, 1 + ηπitj/p} if
(j, i) < (0, h). In the remaining case it is easy to see that for some integers mrsθ,
r = 1, . . . , p− 1, s ≥ vk(cr), θ ∈ B we have
NL/K(1 + ηπ
itj/p)
∏
r,s,θ
umrsθrj/p,s,θ ≡ 1 + ηpπi0tj mod Uj+1,i,K .
The left-hand side of this relation can be then taken as uijηp . It is seen immediately
that it satisfies (1), and we put aijηp = {t, uijηp}.
Then all these aijθ belong to NL/KSα,L, and they topologically generate the
quotient group Sα,K/pSα/p,K by Corollary 2 to Proposition 4.1.
It remains to consider the case [L : K] = q 6= p. Since Qα,K = qQα,K , we have
Sα,K = qSα,K = NL/KSα,K ⊂ NL/KSα,L. 
The converse can be proved as in 5.3. 
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5.5. Proof of Proposition 5.1.3.
Let π and t be local parameters in L. Then π and t0 = NL/K t are local param-
eters in K.
First, we prove that NL/KSα,L ⊂ Spα,K for α ≤ h. It is sufficient to check
that NL/K(Sα,L/pSα/p,L) ⊂ Spα,K/pSα,K . The quotient group Sα,L/pSα/p,L is
generated by the classes of NL/K{π, 1 + θπitj}, (j, i) ≥ αepi,t, and NL/K{t, 1 +
θπitj0}, (j, i) ≥ pvp(j)+1αepi,t, use Proposition 4.2. We have
NL/K{π, 1 + θπitj} = {π,NL/K (1 + θπitj)} ∈ Spα,K ,
NL/K{t, 1 + θπitj0} = {t0, 1 + θπitj0} ∈ Spα,K .
Similarly one shows NL/KSα,L ⊂ Sα+(p−1)h for α ≥ h.
Next, we have NL/KQα,L = Qα+(p−1)h,K for all α > h. Let n > 0. Denote
Kn = k{{tp
n
0 }} ⊂ K, Ln = k{{tp
n}} ⊂ L, where k is the constant subfield of K.
Then Ln/Kn is a ferociously ramified extension with the ramification jump p
nh. It
follows
pnNL/KQ
(n)
pnα,L = NLn/KnQpnα,Ln = Qpnα+(p−1)pnh,Kn = p
nQ
(n)
pnα+pn(p−1)h,K ,
whence NL/KQ
(n)
pnα,L = Q
(n)
pnα+pn(p−1)h,K . Since all Q
(n)
pnα,L topologically generate
Sα,K , we conclude NL/KSα,L = Sα+(p−1)h,K for all α > h.
It remains to prove the third part of Proposition. Assume that the last residue
field of K is quasi-finite. Then the map
NL/K : UL(j, i)/UL(j + 1, i)→ UK(j, pi)/UK(j + 1, pi)
has the cokernel of order p, where (j, i) = αepi,t. Let u ∈ UK(j, pi) generate this
cokernel. Then {π, u} /∈ NL/KKtop2 L, and {π, u} ∈ Qh,K ⊂ Sα,K for any α ≤ h.
This shows (Spα,K : NL/KSα,L) ≥ p for α ≤ h.
Application of subfields Kn and Ln yields an easy calculation of all NL/K{π, 1+
θπitj} and NL/K{t, 1 + θπitj}. We obtain that NL/KSα,L together with {π, u}
generates Spα,K for all α ≤ h, whence (Spα,K : NL/KSα,L) ≤ p for α ≤ h. 
§6. A filtration on Ktop2 K and reciprocity map.
In this section K is a two-dimensional local field with a quasi-finite residue field,
charK = charK = p.
6.1. For any α ∈ I2 we introduce a subgroup FilαKtop2 K ⊂ Ktop2 K so that
FilβK
top
2 K ⊂ FilαKtop2 K whenever α < β. It is easy to see that for some un-
ramified extension K˜/K the field K˜ satisfies the condition (*), see §5. Denote
Fil∞K
top
2 K = 0;
FilαK
top
2 K = NK˜/KSα,K˜ for α ∈ Q2+;
Fili,α2K
top
2 K = Cl
⋃
α1∈Q
Filα1,α2K
top
2 K for α2 ∈ Q+;
Filc,∞K
top
2 K = TK := Cl
⋃
α∈Q2
+
FilαK
top
2 K;
Filc,iK
top
2 K = TK + { {t, u} |u ∈ k, v(u− 1) ≥ i} for all i ∈ Q+ if K = k{{t}} is
standard;
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Filc,iK
top
2 K = NK′/KFilc,iK
top
2 K
′, if K has the property (*) and K ′ is a purely
inseparable constant extension such that K ′ is standard;
Filc,iK
top
2 K = NK˜/KFilc,iK
top
2 K˜ in the general case, where K˜/K is an unram-
ified extension such that K˜ satisfies (*);
Fil0K
top
2 K = U(1)K
top
2 K + { {t, θ} | θ ∈ RK};
Fil−1K
top
2 K = K
top
2 K.
Proposition 6.1.1. FilαK
top
2 K are well defined.
Proof. Independence from the choice of K˜ follows from Proposition 5.1.1 and from
Nk′′/k′Ui,k′′ = Ui,k′ in an unramified k
′′/k′. If u′ ∈ UK , u ∈ Uk(1), then the
definition of Qα implies {u′, u} ∈ TK . This shows independence from the choice of
t. Independence from the choice of K ′ follows from two observations:
(1)NK′′/K′TK′′ = TK′ ifK
′′ = k′′{{t}},K ′ = k′{{t}}, k′′/k′ is purely inseparable;
(2) in this case Nk′′/k′Ui,k′′ = Ui,k′ . 
Proposition 6.1.2.
⋃
α>0 FilαK
top
2 K = U(1)K
top
2 K.
Proof. This is clear if K is standard. Next, NK′/KU(1)K
top
2 K
′ = U(1)Ktop2 K if
K ′/K is a purely inseparable or unramified extension. 
Remark. If K is standard, then obviously
Filc,iK
top
2 K = TK + U(i)K
top
2 K
for a positive integer i.
6.2. Norm map in a purely inseparable constant extension.
Proposition 6.2. Let L/K be a finite purely inseparable constant extension. Then
NL/KFilαK
top
2 L = FilαK
top
2 K for all α ∈ I2.
Proof. For α = (i, α2), or α ∈ Q2+, see Proposition 5.1.2. The cases α = −1, (c,∞),
∞ are trivial. For α = (c, i), it is sufficient to apply the observations in the proof
of Proposition 6.1.1. Finally, let α = 0. We have
NL/KU(1)K
top
2 L = U(1)K
top
2 K,
and
NL/K({t, θ}) = {t, θp
n}
for all θ ∈ RK = RL, where pn = [L : K]. Therefore,
NL/KFil0K
top
2 L = Fil0K
top
2 K. 
6.3. Norm map in a cyclic extension of prime degree.
Proposition 6.3. Let L/K be a cyclic extension of prime degree, G = Gal(L/K),
h ∈ I2 the only jump of ramification for L/K, i. e., Gh = G. Then:
1. If α > h, then NL/KFilαK
top
2 L = FilΦL/K(α)K
top
2 K.
2. If α ≤ h, then NL/KFilαKtop2 L is a subgroup in FilΦL/K(α)Ktop2 K of index
[L : K].
Proof.
24 IGOR ZHUKOV
1. Reduction to the case when both K and L are almost standard. Choose
purely inseparable k′/k such that K ′ = k′K and L′ = k′L are almost standard. It
is easy to see that ΦL′/K′ = ΦL/K . Suppose Proposition is valid for L
′/K ′.
Let α > h. Then
NL/KFilαK
top
2 L = NL/KNL′/LFilαK
top
2 L
′
= NK′/KFilΦL′/K′ (α)K
top
2 K
′
= NK′/KFilΦL/K(α)K
top
2 K
′
= FilΦL/K(α)K
top
2 K.
Let α ≤ h. Then
FilΦL′/K′ (α)K
top
2 K
′ ⊃ NL′/K′FilαKtop2 L′ ⊃ FilβKtop2 K ′
for any β > ΦL′/K′ (α). Applying NK′/K to the above formula, we obtain in view
of Proposition 6.2:
FilΦL/K(α)K
top
2 K ⊃ NL/KFilαKtop2 L ⊃ FilβKtop2 K
for any β > ΦL/K(α). By class field theory, K
top
2 K
′/NL′/K′K
top
2 L
′ is cyclic of
prime degree. Therefore, Ktop2 K
′ is generated by NL′/K′K
top
2 L
′ and a, where a /∈
FilβK
top
2 K
′ for any β > ΦL/K(α). Therefore, K
top
2 K is generated by NK′/Ka and
NK′/KNL′/K′K
top
2 L
′. Since
NK′/Ka ∈ NK′/KFilΦL/K(α)Ktop2 K ′ = FilΦL/K(α)Ktop2 K ′,
we conclude that (FilΦL/K(α)K
top
2 K : NL/KFilαK
top
2 L) = [L : K].
2. The case, when K is almost standard, and h = −1, i. e., L/K is unramified.
Then for α ≥ (c,∞) the assertion follows directly from the definition of Filα with
use of Proposition 0.4.4. The case of α = (c, i) also follows immediately from the
definition of Filα. Further,
NL/KFil0K
top
2 L = NL/K (U(1)K
top
2 L+ {t} · RL)
= NL/KU(1)K
top
2 L+ {t} ·NL/KRL)
= U(1)Ktop2 K + {t} · RK .
Finally, NL/KFil−1K
top
2 L = NL/KK
top
2 L is a subgroup of index [L : K] in
Ktop2 K by class field theory.
The above argument also reduces Proposition to the case when bothK and L are
standard. In fact, since K and L are almost standard, there exists an unramified
extension K ′/K such that K ′ and K ′L are standard. We can therefore identify
FilαK
top
2 K with Sα,K , and FilαK
top
2 L with Sα,L.
3. Let K be standard, h = (c,H), H > 0, or h = H = 0. In both cases L/K is a
constant extension. Let k and l be the constant subfields of K and L respectively.
Then l/k is a cyclic extension with the jump of ramification H. By Proposition
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4.1.2, we obtain NL/KFilαK
top
2 L = FilαK
top
2 K for all α ≥ (c,∞). Let α = (c, i)
or α = 0 = i. Then
NL/KFilαK
top
2 L = NL/KTL +NL/K({t} · Ui,l) = TK + {t} ·NL/KUi,l.
It remains to notice that NL/KUi,l ⊂ Uφl/k(i),k, these groups are equal if i > H,
and (Uφl/k(i),k : NL/KUi,l) = [l : k] = [L : K] if i ≤ H because the last residue
fields are quasi-finite.
4. In the remaining case L/K is infernal. Since both K and L are standard,
L = k{{t}}, K = k{{NL/Kt}}. L/K is ferociously ramified, and Proposition 5.1.3
is applicable. This proves this case of Proposition for α ≥ (c,∞). For α < (c,∞),
notice that NL/K({t} · Ui,k) = {NL/Kt} · Ui,k. 
6.4. Main theorems.
Theorem 1. Let L/K be a finite abelian extension, α ∈ I2. Then NL/KFilαKtop2 L
is a subgroup in FilΦL/K(α)K
top
2 K of index |Gal(L/K)α|. Furthermore,
FilΦL/K(α)K
top
2 K ∩NL/KKtop2 L = NL/KFilαKtop2 L.
Proof. Use induction on [L : K]. If [L : K] is prime, then the assertion of Theorem
is just Proposition 6.3. In the general case let h be the minimal ramification jump
in L/K, G′ = ∪α>hGα, G′′ ⊃ G′ such that (G : G′) is prime, K ′ = LG′ .
Let α > h. By assumption of induction, NL/K′FilαK
top
2 L is a subgroup in
FilΦL/K′ (α)K
top
2 K
′ of index |Gal(L/K ′)α| = |Gal(L/K)α|. Applying NK′/K , we
obtain that NL/KFilαK
top
2 L is a subgroup of index ≤ |Gal(L/K)α| in
FilΦK′/K(ΦL/K′ (α))K
top
2 K = FilΦL/K(α)K
top
2 K.
If this index is less than |Gal(L/K)α|, we easily obtain that (FilΦL/K(h)Ktop2 K :
NL/KFilhK
top
2 L) < |Gal(L/K)h| · [K ′ : K] = [L : K]. On the other hand, also by
induction on [L : K], the norm map induces an epimorphism of Ktop2 L/F ilhK
top
2 L
onto Ktop2 K/FilΦL/K(h)K
top
2 K, whence (K
top
2 K : NL/KK
top
2 L) < [L : K], a con-
tradiction with class field theory.
In the case α ≤ h we have (FilΦL/K(α)Ktop2 K : NL/KFilαKtop2 L) ≥ [L : K] by
class field theory, and
(FilΦL/K(α)K
top
2 K : NL/KFilαK
top
2 L)
= (FilΦL/K(α)K
top
2 K : NK′/KFilΦL/K′ (α)K
top
2 K
′)×
× (NK′/KFilΦL/K′ (α)Ktop2 K ′ : NL/KFilαKtop2 L)
≤ [K ′ : K][L : K ′] = [L : K]. 
Theorem 2. Let L/K be a finite abelian extension, Θ: Ktop2 K/NL/KK
top
2 L →
Gal(L/K) the reciprocity map. Then
Θ(FilαK
top
2 K mod NL/KK
top
2 L) = Gal(L/K)
α
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for any α ∈ I2.
Proof. Let G = Gal(L/K), β < α, K ′ = LG
α
. Then Gal(K ′/K)α is trivial, and
FilαK
top
2 K ⊂ NK′/KFilΨK′/K(α)Ktop2 K ′ by Theorem 1. It follows
Θ(FilαK
top
2 K mod NL/KK
top
2 L) ⊂ Gal(L/K ′) = Gal(L/K)α.
It remains to compare the indices of two subgroups by means of second assertion
in Theorem 1. 
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